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Gauge-flation, non-Abelian gauge field inflation, which was introduced in [1] and analyzed more
thoroughly in [2], is a model of inflation driven by non-Abelian gauge fields minimally coupled to
Einstein gravity. In this model certain rotationally invariant combination of gauge fields play the role
of inflaton. Recently, the chromo-natural inflation model was proposed [3] which besides the non-
Abelian gauge fields also involve an axion field. In this short note we show that the model involving
axions, indeed allows for various slow-roll trajectories for different values of its parameters: A specific
trajectory discussed in [3] starts from a “small axion” region, while the trajectory considered in [1, 2]
corresponds to a “large axion” region.
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Given the current cosmological data [4], inflation [5]
has appeared as the leading paradigm for the early Uni-
verse cosmology. The data indicate an upper bound
for the Hubble parameter H during inflation H .
10−5Mpl ≃ 1013 − 1014 GeV. For the vast majority of
inflationary models, inflationary dynamics is driven by
one or more scalar fields coupled to gravity and usually
inflation takes place in a “slow-roll” regime such that
during inflation we have an almost constant effective po-
tential of order (or smaller than) µ ∼ √HMpl . 1016
GeV. During slow-roll the kinetic energy should remain
small compared to the potential terms.
Motivated with the above bounds on H it is natural to
seek building inflationary model within beyond-standard
particle physics models. In these theories, although we
have scalar fields, e.g. Higgs fields required for gauge
symmetry breaking, the potential for the Higgs fields are
not generically flat enough to lead to slow-roll dynamics.
(See, however, [6] for ways to get round this issue.)
On the other hand, all particle physics models are
gauge field theories and one may try to use gauge fields,
rather than scalars, as tools for inflationary model build-
ing. This idea, to start with, has two basic obstacles,
an observational and a theoretical one: 1) The Universe
at large scales is homogenous and isotropic and turning
on a vector gauge field will introduce a preferred direc-
tion in the Universe, breaking the isotropy and, 2) to
have a consistent (ghost free) theory of gauge fields we
need gauge symmetry (which may be consistently broken
via Higgs mechanism). The energy momentum tensor of
Yang-Mills theory, regardless of the gauge field configu-
ration turned on, is traceless with ρ = 3P (ρ ≥ 0 and
P are energy density and pressure associated with gauge
field configuration), while for having inflation we need
ρ+ 3P < 0.
As explained and reviewed in [1, 2] these two obstacles
may be overcome in non-Ableian gauge theories. Let
us take any non-Abelian gauge group G. G necessar-
ily has at least one SU(2) subgroup (it may have more
than one such SU(2) subgroup). The global part of this
SU(2) subgroup may be identified with the space rota-
tion group, which is again an SU(2). Since gauge fields
are defined up to gauge transformations we will have a
way to restore rotation symmetry despite turning on a
gauge field in the background. (This idea in the context
of cosmology, though not for inflationary model building,
has been pointed out and discussed in [7].)
The second obstacle, may be overcome either by con-
sidering gauge theories beyond simple Yang-Mills, or ad-
dition of other matter fields coupled to Yang-Mills. The
first idea was examined and studied in [1, 2], by addition
of an (F ∧ F )2 to the Yang-Mills action, F is the gauge
field strength two-from. The second idea was recently
studied in [3] by adding an axion field χ, coupled to the
Yang-Mills theory via standard χF ∧F interaction term.
The purpose of this short note is elucidate the con-
nection between the two models, especially focusing on
the slow-roll inflationary trajectories of the two models.
More explicitly, we obtain the gauge-flation action of [1]
once we integrate out the axion field χ, when axion is
close to the minimum of its potential and show that the
integrated out theory provides a very good description
around the slow-roll trajectory path. As we will argue,
the slow-roll trajectory discussed in [3] can occur for a
wider range of initial values of the axion field, where ax-
ion is not necessarily close to the minimum of its po-
tential. As shown in [8], for the inflationary path of [3]
there is an upper bound on the initial value of axion field
leading to successful inflation.
Non-Abelian gauge fields in inflationary setups
Consider an su(2) gauge field Aaµ, where a, b = 1, 2, 3
and µ, ν = 0, 1, 2, 3 are respectively used for the gauge
algebra and space-time indices. The gauge field strength
F is
F aµν = ∂µA
a
ν − ∂νAaµ − gǫabcAbµAcν , (1)
2where ǫabc is the totally antisymmetric tensor, the struc-
ture constant of su(2) algebra. The chromo-natural in-
flation model of [3] is described by the action
Lc.n. = −
(
R
2
+
1
4
F aµνF
µν
a +
1
2
(∂µχ˜)
2
+ µ4(1 + cos
χ˜
f
) +
λ
8f
χ˜F F˜
) (2)
where we have set 8πG ≡ M−2pl = 1, µ, f are parameters
of dimension of energy, λ is an order one dimensionless
coupling and
FF˜ = ǫµναβF aµνF
a
αβ . (3)
As discussed in [3], slow-roll inflationary dynamics for
the above action can happen for µ, f ≪ Mpl, only if we
also turn on a “rotationally invariant gauge field” of the
form [1, 2, 7]
Aaµ =
{
a(t)ψ(t)δai , µ = i
0 , µ = 0 ,
(4)
in the temporal gauge. Moreover, slow-roll dynam-
ics requires both ψ and χ˜ fields to be slowly rolling:
˙˜χ/Hχ˜, ψ˙/Hψ ≪ 1.
We next note that the potential for the axion field is
of the form
U(χ˜,Ξ) = µ4
(
1 + cos
χ˜
f
+ Ξ
χ˜
f
)
, (5)
where Ξ = λ
8µ4
FF˜ . This potential has an extremum at
χ˜ = χ:
sin
χ
f
= Ξ ≃ 3gλ
µ4
Hψ3 . (6)
Second equality in the above is written in the leading
order in slow-roll parameter, dropping ψ˙ against Hψ.
The potential has extrema if Ξ ≤ 1. This latter
puts an upper bound on ψ (for given g and H).[11]
Eq.(6) has two solutions, χ/f and π − χ/f . Here we
choose our conventions such that χ/f ∈ (π/2, π), i.e.
χ/f corresponds to minimum while π−χ/f to maximum.
Gauge-flation from expanding around mini-
mum of the axion potential— As in standard quan-
tum field theory treatments one may expand the axion
theory around its minimum of the potential at χ˜ = χ
given in (6) and integrate out the fluctuations [9]. This
may be done writing χ˜ = χ + δχ, expanding the action
up to the second order in δχ and computing the one loop
effective action/potential:
Ueff (χ) = U(χ) +
i
2
ln det(+
µ4
f2
cos
χ
f
) , (7)
where U(χ) is the potential (5) computed at the mini-
mum χ˜ = χ and  is the Laplacian computed on the
inflationary (almost-de Sitter) background.
To compute the ln det term explicitly we note that dur-
ing inflation µ4 ∼ 3H2M2pl and that f2 ∼ µMpl [3] and
hence µ4/f2 ∼ f2 · H/Mpl ≪ f2. The  term may be
approximated by its flat space value once we recall that
the main contribution comes from subhorizon momenta.
The integral over the momenta may be cut off at UV
cutoff Λ which may be taken equal to f . Using equations
in [9], and in the MS scheme, we find
Ueff (χ) = U(χ) + δU
where
U(χ) = −µ4
[
1−
√
1− Ξ2 − ΞarcsinΞ
]
, (8)
δU =
1
4
1
(4π2)
(
µ4
f2
cos
χ
f
)2(
ln(
µ4
f4
cos
χ
f
)− 3
2
)
.(9)
The one loop correction term δU may be compared to the
classical term U : δU/U ∼ µ4/f4 ∼ H/Mpl. Therefore,
one can safely approximate the potential by its classi-
cal value U(χ). To summarize, one may integrate out
the axion field during the slow-roll occurring around the
minimum of the potential and instead work with a gauge
theory whose action consists of F 2 Yang-Mills term and
U(Ξ). Here some comments are in order:
• As pointed out, for positive Ξ (which we assume),
(6) has two roots, χ/f and π−χ/f and we have cho-
sen χ to correspond to minimum of the potential.
The one loop effective action computation has of
course been carried out around this minimum. We
have hence in (8) replaced cos χ
f
with −
√
1− Ξ2.
• We have crucially used the fact that χ is slowly-
rolling and hence in the effective action dropped
its kinetic term. In fact, the detailed analysis of
the model reveals that ψ˙/Hψ ∼ ǫ2 and χ˙/Hχ ∼ ǫ,
where ǫ = −H˙/H2 is the slow-roll parameter and
is of order 10−2 for this model [1]. We also note
that the contribution of the Yang-Mills term to the
energy density of the system is of order µ4ǫ, i.e.
inflation is mainly driven by the U(Ξ) and hence
3H2M2pl ≃ U(Ξ).
• Although both ψ and χ fields have slow-roll, their
rolling is “adiabatic” in the sense that during slow-
roll inflation χ and ψ fields vary such that the min-
imizing condition (6) holds.
If we are in Ξ≪ 1, or equivalently πf −χ≪ 1 regime,
one may expand the effective potential, and to second
order in Ξ we obtain
U(Ξ) =
µ4
2
Ξ2 + O(Ξ4) =
λ2
128µ4
(FF˜ )2 + O(Ξ4) . (10)
3Comparing this with the F 4 term in gauge-flation model
[1, 2], we can read its coefficient κ
κ =
3λ2
µ4
. (11)
In other words, in the Ξ ≪ 1 regime the chromo-
natural inflation model simply reduces to the gauge-
flation model.[12] As discussed in [1, 2], the successful
inflation model happens for the following values of the
parameters and initial conditions of the axion action (2):
g = (0.4− 2.5)× 10−3 , ψ = (3.5− 8)× 10−2 ,
H = 3.5× 10−5 , ǫ = (0.9− 1.2)× 10−2 ,
η = ψ2 , κ ≃ 2
g2ψ6
, λ sin
χ
f
=
√
2κH ,
(12)
where ǫ and η are the slow-roll parameters. In this case
(6) reduces to λ sinχ/f ≃ 102. Since we are demanding
that π − χ/f ≪ 1, λ should be large. We may choose
sinχ/f = 0.05 as a typical benchmark, leading to λ =
2×104. For these values µ = 4×10−2. f may consistently
be chosen to be equal to µ and hence χ ≃ 2× 10−3.
For the gauge-flation model, as discussed, during in-
flation the dimension 8 operator (FF˜ )2 dominates over
the Yang-Mills term and one may wonder if the one-loop
effective action description for gauge-flation discussed
above is a valid one. The above analysis clarifies this
issue: The (FF˜ )2 term is coming from integrating out a
massive axion and not from gauge interactions and the
energy density of the axionic field is of the order the
(FF˜ )2 term which drives inflation. It also makes appar-
ent that, despite being a dimension 8 operator, why one
can safely ignore the other gauge invariant dimension 8
operators and possibly higher dimension corrections to
the Yang-Mills term. For example, at dimension 8 level,
if we have fermions of mass m in the model they lead to
TrF 4 or Tr(F 2)2 type terms at one loop level. All such
terms are, nevertheless, suppressed by powers of g4/m4.
In the region of parameter space suitable for inflation-
ary dynamics, g2/4π ∼ 10−7 and the fermion mass m
that can contribute to such one-loop effects should not
be smaller than H . Such corrections may hence be safely
ignored. [13]
Chromo-natural inflationary trajectory, start-
ing around maximum of the axion potential—As
has been shown in [8] the action (2) allows for slow-roll
inflationary trajectories starting from arbitrary χ (not
necessarily small or close to πf). This happens with the
following set of the parameters [3]
µ2 = 10−7 , f = 10−2 , H ≃
√
2
3
µ2 = 8× 10−8
λ = 200 , g = 2× 10−6 , ǫ ≃ 1.8× 10−3 ,
η ≃ 1.4× 10−3 , ψ˙ ∼ −1× 10−6H, ψ ≃ 3.3× 10−2 .
(13)
(For the above values of parameters to get enough num-
ber of e-folds, inflation should start when χ0/f < 0.4π
[8], while it could be chosen arbitrarily in (0, 0.4π) range.)
In the above and also in (12) all dimensionful quantities
have been measured in units of Mpl.
Comparison between the two cases– We have dis-
cussed that the model described by the action (2) in-
deed allows for some different slow-roll inflationary paths,
for different regimes of the parameters of the theory
(µ, λ, f, g). Two such cases were given in (12) and (13).
The gauge-flation case occurs in a “large axion” range
while the chromo-natural model happens when axion
starts with a smaller value, e.g. smaller than 0.4πf for
the parameters in (13). The chromo-natural trajectory
happens for a wider range over possible initial conditions
for axion field and is hence more generic in this respect.
As discussed, in either case during slow-roll the extrem-
izing condition (6) holds. Existence of the above two
possibilities indicates that one should be able to increase
the χ0/f < 0.4π bound by changing the parameters of
the model, essentially filling the gap between the param-
eters set in (12) and (13). It is interesting to study this
possibility in more detail, some first steps in this direc-
tions has been taken in [8].
For both of the parameter sets in (12) and (13) µ
and f are of order GUT scale 1015 − 1016 GeV. For the
gauge-flation case, however, we need a bit lower gauge
coupling g ∼ 10−3, while for the chromo-natural case
g ∼ 10−6. On the other hand, for gauge-flation we need
to take a larger value (by one or more orders of magni-
tude) for the dimensionless axion coupling λ compared
the one required for chromo-natural inflation. More-
over, the gauge-flation case has a higher value of Hub-
ble H ∼ 10−5Mpl and much bigger tensor-to-scalar ratio
r ≃ 0.1, while for chromo-natural case H ∼ 10−7Mpl and
r ≃ 10−6 [3]. In this respect, gauge-flation range of pa-
rameters has a more interesting observational prospects.
Dealing with vector gauge fields at background level
one may worry about stability of the inflationary tra-
jectory against anisotropic initial conditions. Such an
analysis for gauge-flation was carried out in [10] and it
was shown that the isotropic FLRW inflationary path
is indeed an attractor of the model. The main reason
behind this behavior is related to the specific form of
the (FF˜ )2 term and that the energy momentum tensor
resulting from this term, which is the dominant contri-
bution to the energy momentum tensor driving inflation,
does not contribute to anisotropic stress. Similar rea-
soning and result also applies to the path discussed in
chromo-natural inflation model [3].
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